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Ĉne
2⇡i nk

N⇤ = log
�
S(!k)

�
+ �+ less noise

<latexit sha1_base64="m6jZfYjAXqUOIyoqadrAJqcWYdc="></latexit>

Ĉn
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Ĉn
.
=
1

N⇤

N⇤�1X

k=0

log
�
Ŝk
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Optimal model, maximum of:

<latexit sha1_base64="Fi7jIwn04P9rVKKtYHMtPYmYWw4=">AAACJHicbVBLS8NAGNzUV42vqEcvi0VoLiWVol6Egh56UIhgH2BK2Ww37dLNg92NWNL8He/+Bc/exIMXz171F5jYtNLWOQ0z88E3YweMCmkY70puaXlldS2/rm5sbm3vaLt7DeGHHJM69pnPWzYShFGP1CWVjLQCTpBrM9K0Bxep37wnXFDfu5XDgLRd1POoQzGSidTRLMtFso8Rg2bRkuRBRtfxaEwuYx2eQ8vhCEfT1FVxYo4mcf3vUo8jcxrQ445WMErGL+AiKWekADKYHe3J6vo4dIknMUNCRIhLihmJVSsUJEB4gHokwq7Naa8vZ1XkCjF07Rgepb+KeS8V//PuQumctSPqBaEkHk4iieeEDEofpoPBLuUESzZMCMKcJv9A3EfJKDKZVVWTjuX5RoukcVwqn5QqN5VCtZa1zYMDcAiKoAxOQRXUgAnqAINn8Am+wLfyqLwor8rbOJpTspt9MAPl4wdIM6YQ</latexit>

P(M|D) =
L(D|M)P (M)
P (D)

<latexit sha1_base64="SxckNfl4Yg9VWbBXvxtyXw8ePcU="></latexit>

P ⇤ = argmin
P

2

4 N
�2

N/2X

n=P

+↵P

3

5

<latexit sha1_base64="cYgntSAoMAusPtTwY1rU/s6bSBs="></latexit>

�2 log(L) ⇠
N

�2

2

41
2

�
C0 + �� Ĉ0
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�2
+

N
2X

n=P
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We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6$ 1:2 and that k ¼ 20$ 5 Wm%1 K%1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.
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Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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how is it that a formally exact theory of 
the electronic ground state cannot predict 
all measurable adiabatic properties? 
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gauge invariance of transport coefficients



<latexit sha1_base64="ZBsA2Xm0Pwp+uHOYnkfCozxkonU="></latexit>

� ⇠
1

2t
var

⇥
D(t)

⇤
D(t) =

Z t

0
J(t 0)dt 0

<latexit sha1_base64="O/E7stiF95FIVtBKz5K0REqgfy8="></latexit>

J0 = J+ Ṗ
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any two conserved densities that differ by the divergence of a 
(bounded) vector field are physically equivalent 

the corresponding conserved fluxes differ by a total time 
derivative, and the transport coefficients coincide
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Microscopic theory and quantum simulation of
atomic heat transport
Aris Marcolongo1, Paolo Umari2 and Stefano Baroni1*

Quantum simulation methods based on electronic-structure theory are deemed unfit to cope with atomic heat transport within
theGreen–Kubo formalism, because quantum-mechanical energy densities and currents are inherently ill-defined at the atomic
scale. We show that, although this di�culty would also a�ect classical simulations, thermal conductivity is indeed insensitive
to such ill-definedness by virtue of a kind of gauge invariance resulting from energy extensivity and conservation. On the basis
of these findings, we derive an expression for the adiabatic energy flux from density-functional theory, which allows heat
transport to be simulated using ab initio equilibrium molecular dynamics. Our methodology is demonstrated by comparing
its predictions to those of classical equilibrium and ab initio non-equilibrium (Müller–Plathe) simulations for a liquid-argon
model, and by applying it to heavy water at ambient conditions.

Understanding heat transport is key in many fields of
science and technology, such as materials and planetary
sciences, energy saving, heat dissipation and shielding, or

thermoelectric conversion, to name but a few. Heat transport in
insulators is determined by the dynamics of atoms, the electrons
following adiabatically in their ground state. Simulating atomic heat
transport usually relies on Boltzmann’s kinetic approach1, or on
molecular dynamics (MD), both in its equilibrium (Green–Kubo,
GK; refs 2–5) and non-equilibrium4–6 flavours. The Boltzmann
equation applies only to crystalline solids well below melting,
whereas classical MD (CMD) bears on those materials and
conditions that can be modelled by interatomic potentials.
Equilibrium ab initio (AI) MD (refs 7,8) is set to overcome these
limitations, but it is still surprisingly thought to be unfit to cope
with thermal transport ‘because in first-principles calculations it is
impossible to uniquely decompose the total energy into individual
contributions from each atom’ (excerpted from ref. 9). Such a
unique decomposition is not possible in classical mechanics either,
because the potential energy of a system of interacting atoms
can be partitioned into local contributions in an infinite number
of equivalent ways. The quantum-mechanical energy density is
also a�ected by a similar indeterminacy. Notwithstanding, the
expression for the heat conductivity derived from any sensible
energy partitioning or density should obviously be well defined, as
any measurable quantity must.

In this work we first demonstrate that the thermal conductivity
resulting from the GK relation is una�ected by the indeterminacy
of the microscopic energy density; we then introduce a form of
energy density, and a corresponding adiabatic energy flux, from
which heat-transport coe�cients can be computed within the
GK formalism, using density-functional theory10,11 (DFT). Our
approach is validated by comparing the results of equilibriumAIMD
to those of non-equilibrium (Müller–Plathe, MP; ref. 6) AIMD and
equilibrium CMD simulations for a liquid-argon model, for which
accurate interatomic potentials are derived by matching the forces
generated by them with quantum-mechanical forces computed
along the AIMD trajectories. The case of molecular fluids is finally
addressed, and illustrated in the case of water at ambient conditions.

Theory
According to the GK theory2,3, the atomic thermal conductivity of
an isotropic system is given by:

 =
1

3VkBT 2

Z
1

0
hJq(t) · Jq(0)idt (1)

where brackets h·i indicate canonical averages, kB is the Boltzmann
constant, V and T are the system volume and temperature, Jq(t)=R

(je(r, t)+(p+ hei)v(r, t))dr is themacroscopic heat flux, with je, v,
p, and hei being the energy-current density, local velocity field, and
equilibrium values of pressure and energy density, respectively12,13.
For further reference, we define as di�usive a flux that results in
a non-vanishing GK conductivity, according to equation (1). The
integral of the velocity field is non-di�usive in solids and can be
assumed to vanish in one-component fluids, because of momentum
conservation. In these cases, as well as inmolecular fluids, as we will
see, we can therefore assume that heat and energy fluxes coincide.

Energy is extensive: it can thus be expressed as the integral of
a density, which is defined up to the divergence of a bounded
vector field: two densities that di�er by such a divergence, e(r) and
e0(r)=e(r)+@ ·p(r), are indeed equivalent, in that their integrals
over any finite domain di�er by a boundary term, which is irrelevant
in the thermodynamic limit, and can thus be thought of as di�erent
gauges of the same scalar field. Energy is also conserved: therefore,
for any given gauge of its density, e, a corresponding current density,
je, can be defined so as to satisfy the continuity equation:

ė(r, t)+@ · je(r, t)=0 (2)

According to equation (2) the macroscopic fluxes in two di�erent
energy gauges di�er by a total time derivative, which is non-
di�usive: J0e(t)= Je(t)+ Ṗ(t), where P(t)=

R
p(r, t)dr. The equality

of the corresponding heat conductivities results from the following
Lemma. Let J1 and J2 be two macroscopic fluxes defined
for the same system, and J12 = J1 + J2 be their sum. The
corresponding GK conductivities, 1, 2 and 12 satisfy the relation:
|12 �1 �2|2p12.
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We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6$ 1:2 and that k ¼ 20$ 5 Wm%1 K%1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.
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Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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solution:
choose any local representation of the energy that 
integrates to the correct value and whose 
correlations decay at large distance — the 
conductivity computed from the resulting current 
will be independent of the chosen representation.
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a newly discovered gauge-invariance principle for transport coefficients makes it possible 
to formulate a consistent density-functional or, more generally, quantum theory of adiabatic 
heat transport;

this same gauge-invariance principle makes the value of the heat conductivity computed 
from deep-neural-network potentials independent of the details of the NN model;

the straightforward application of the Green-Kubo theory of linear response to ab initio 
molecular dynamics is numerically challenging, in that it would require sampling trajectories 
of several nano-seconds;

cepstral analysis provides a rigorous and practical means of exploiting the information on 
the spectral properties of the current being sampled, to evaluate transport coefficients and 
their statistical uncertainties with MD simulations of the order of a few hundred ps.
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The thermal conductivity of classical multicomponent fluids is seemingly affected by the intrinsic
arbitrariness in the definition of the atomic energies, and it is ill conditioned numerically, when evaluated
from the Green-Kubo theory of linear response. To cope with these two problems, we introduce two new
concepts: a convective invariance principle for transport coefficients, in the first case, and multivariate
cepstral analysis, in the second. A combination of these two concepts allows one to substantially reduce the
noise affecting the estimate of the thermal conductivity from equilibrium molecular dynamics, even for
one-component systems.
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The transport properties of macroscopic systems are
determined by the dynamics of conserved currents, i.e., of
the long-wavelength components of the currents associated
with the densities of conserved extensive variables [1,2].
Let Ji be the macroscopic average of the ith conserved
current, which from now on we dub a (conserved) flux. In
the case of heat transport in an M-component fluid, the
relevant conserved quantities are the total energy and the
total number (or mass) of molecules of each independent
component. As the total-mass flux is the total momentum,
which is also a constant of motion, the number of relevant
conserved fluxes is reduced from M þ 1 to M: energy,
which we label as the zeroth, and M − 1 convective fluxes,
which can be identified with any independent linear
combinations of the molecular mass or number fluxes.
In the linear regime, the relevant fluxes are linear combi-
nations of the corresponding conjugate affinities Fi,
defined as the gradients of the intensive variables conjugate
to the conserved ones. These are the inverse temperature
for the energy and the chemical potential divided by the
temperature for the molecular numbers. The resulting
Onsager relations [3] read

Ji ¼
XM−1

j¼0

ΛijFj; ð1Þ

where, in order to simplify the notation, the vector character
of fluxes and affinities has been overlooked or their
Cartesian indices are incorporated in the suffixes. The
Green-Kubo (GK) theory of linear response [2,4,5] states
that the Λmatrix in Eq. (1) can be expressed in terms of the
time correlation functions of the various flux processes J i,
which are phase-space functions, as

Λij ¼ V
kB

Z
∞

0
hJ iðtÞJ jð0Þidt; ð2Þ

where kB is the Boltzmann constant, V is the system’s
volume, h·i indicates a canonical average, and the system is
in thermodynamic equilibrium [2]. Here and in the follow-
ing, processes and their samples will be denoted by
calligraphic letters, as in “X ,”while their average properties
by roman ones, as in “X.” For instance, Ji ¼ hJ ii, which
vanishes in the absence of perturbations. The heat con-
ductivity is defined as the ratio between the heat flux JQ

and the temperature gradient that generates it: JQ ¼ −κ∇T,
in the absence of net particle flow. The heat flux is defined
as J Q ¼ J 0 −

PM
s¼1 h

sJ s, where J 0 and J s are the
energy and particle-number flux samples of all molecular
species, respectively, and hs are the corresponding partial
enthalpies [6]. The energy flux is defined in terms of atomic
positions Rn, velocities Vn, and energies ϵn as [2,7]

J 0 ¼ 1

V

!X

n

Vnϵn þ
X

n;m

ðRn −RmÞFnm · Vn

"
; ð3Þ

where Fnm ¼ −∂ϵm=∂Rn and n runs over all the atoms.
In solids and one-component fluids, energy is the only

conserved quantity relevant to heat transport, because the
convective fluxes either vanish or do not contribute to
energy transport [2]. In these cases, the thermal conduc-
tivity is basically given by κ ¼ Λ00=T2. As the energy flux
[Eq. (3)] is obtained via the continuity equation from the
energy density, which is ill defined at the atomic scale, it
has long been feared that no quantum-mechanical expres-
sion for the heat conductivity could be obtained from first
principles. This apparent conundrum was solved only
recently by the introduction of a gauge invariance principle
for transport coefficients, according to which different
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Microscopic theory and quantum simulation of
atomic heat transport
Aris Marcolongo1, Paolo Umari2 and Stefano Baroni1*

Quantum simulation methods based on electronic-structure theory are deemed unfit to cope with atomic heat transport within
theGreen–Kubo formalism, because quantum-mechanical energy densities and currents are inherently ill-defined at the atomic
scale. We show that, although this di�culty would also a�ect classical simulations, thermal conductivity is indeed insensitive
to such ill-definedness by virtue of a kind of gauge invariance resulting from energy extensivity and conservation. On the basis
of these findings, we derive an expression for the adiabatic energy flux from density-functional theory, which allows heat
transport to be simulated using ab initio equilibrium molecular dynamics. Our methodology is demonstrated by comparing
its predictions to those of classical equilibrium and ab initio non-equilibrium (Müller–Plathe) simulations for a liquid-argon
model, and by applying it to heavy water at ambient conditions.

Understanding heat transport is key in many fields of
science and technology, such as materials and planetary
sciences, energy saving, heat dissipation and shielding, or

thermoelectric conversion, to name but a few. Heat transport in
insulators is determined by the dynamics of atoms, the electrons
following adiabatically in their ground state. Simulating atomic heat
transport usually relies on Boltzmann’s kinetic approach1, or on
molecular dynamics (MD), both in its equilibrium (Green–Kubo,
GK; refs 2–5) and non-equilibrium4–6 flavours. The Boltzmann
equation applies only to crystalline solids well below melting,
whereas classical MD (CMD) bears on those materials and
conditions that can be modelled by interatomic potentials.
Equilibrium ab initio (AI) MD (refs 7,8) is set to overcome these
limitations, but it is still surprisingly thought to be unfit to cope
with thermal transport ‘because in first-principles calculations it is
impossible to uniquely decompose the total energy into individual
contributions from each atom’ (excerpted from ref. 9). Such a
unique decomposition is not possible in classical mechanics either,
because the potential energy of a system of interacting atoms
can be partitioned into local contributions in an infinite number
of equivalent ways. The quantum-mechanical energy density is
also a�ected by a similar indeterminacy. Notwithstanding, the
expression for the heat conductivity derived from any sensible
energy partitioning or density should obviously be well defined, as
any measurable quantity must.

In this work we first demonstrate that the thermal conductivity
resulting from the GK relation is una�ected by the indeterminacy
of the microscopic energy density; we then introduce a form of
energy density, and a corresponding adiabatic energy flux, from
which heat-transport coe�cients can be computed within the
GK formalism, using density-functional theory10,11 (DFT). Our
approach is validated by comparing the results of equilibriumAIMD
to those of non-equilibrium (Müller–Plathe, MP; ref. 6) AIMD and
equilibrium CMD simulations for a liquid-argon model, for which
accurate interatomic potentials are derived by matching the forces
generated by them with quantum-mechanical forces computed
along the AIMD trajectories. The case of molecular fluids is finally
addressed, and illustrated in the case of water at ambient conditions.

Theory
According to the GK theory2,3, the atomic thermal conductivity of
an isotropic system is given by:

 =
1

3VkBT 2

Z
1

0
hJq(t) · Jq(0)idt (1)

where brackets h·i indicate canonical averages, kB is the Boltzmann
constant, V and T are the system volume and temperature, Jq(t)=R

(je(r, t)+(p+ hei)v(r, t))dr is themacroscopic heat flux, with je, v,
p, and hei being the energy-current density, local velocity field, and
equilibrium values of pressure and energy density, respectively12,13.
For further reference, we define as di�usive a flux that results in
a non-vanishing GK conductivity, according to equation (1). The
integral of the velocity field is non-di�usive in solids and can be
assumed to vanish in one-component fluids, because of momentum
conservation. In these cases, as well as inmolecular fluids, as we will
see, we can therefore assume that heat and energy fluxes coincide.

Energy is extensive: it can thus be expressed as the integral of
a density, which is defined up to the divergence of a bounded
vector field: two densities that di�er by such a divergence, e(r) and
e0(r)=e(r)+@ ·p(r), are indeed equivalent, in that their integrals
over any finite domain di�er by a boundary term, which is irrelevant
in the thermodynamic limit, and can thus be thought of as di�erent
gauges of the same scalar field. Energy is also conserved: therefore,
for any given gauge of its density, e, a corresponding current density,
je, can be defined so as to satisfy the continuity equation:

ė(r, t)+@ · je(r, t)=0 (2)

According to equation (2) the macroscopic fluxes in two di�erent
energy gauges di�er by a total time derivative, which is non-
di�usive: J0e(t)= Je(t)+ Ṗ(t), where P(t)=

R
p(r, t)dr. The equality

of the corresponding heat conductivities results from the following
Lemma. Let J1 and J2 be two macroscopic fluxes defined
for the same system, and J12 = J1 + J2 be their sum. The
corresponding GK conductivities, 1, 2 and 12 satisfy the relation:
|12 �1 �2|2p12.
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Accurate thermal conductivities 
from optimally short molecular 
dynamics simulations
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viscosity, is known to require impractically long simulations, thus calling for a paradigm shift that would 
allow to deploy state-of-the-art quantum simulation methods. We introduce a new method to compute 
���������ƥ����������������������������������������������������������ǡ��������������
����Ǧ�����
theory of linear response and the cepstral analysis of time series. Information from the full sample power 
spectrum of the relevant current for a single and relatively short trajectory is leveraged to evaluate and 
����������������������������ơ���������������Ǧ���������������ǡ������������������������������������������
��������������������������Ǥ��������������������������������������ǡ�������������������������������������
�����������������������������������������������������������Ǧ����������Ǥ��������������Ǧ������������������
is proposed and validated with the calculation of thermal conductivities in the paradigmatic cases of 
������������������������ƪ�����ȋ����������������Ȍ��������������������������������������ȋ���������Ǧ���). 
���Ƥ�������������������������������������������������������������������ƥ��������������������������
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Our microscopic understanding of heat and mass transport in extended systems is rooted in the Green-Kubo 
(GK) theory of linear response1,2, as applied to the Navier-Stokes equations for the densities of the conserved 
extensive variables3,4, which include energy, momentum, and the particle numbers for each molecular species. 
Transport coe!cients are determined by the equilibrium "uctuations of the relevant currents and are in fact pro-
portional to their autocorrelation times. Notwithstanding its beauty, rigor, and broad scope, the practical imple-
mentation of the GK theory is known to require very long molecular dynamics (MD) simulations, much longer 
in fact than the current autocorrelation times one is required to evaluate5–9. Even though a number of expedients 
have been devised to cope with this problem7,9,10, none of them is fully satisfactory in that in some cases they fail 
to provide rigorous criteria to estimate the accuracy resulting from a given MD trajectory, and in all cases the 
length of the required simulations is una#ordable with accurate but expensive quantum simulation techniques11.

It has long been believed that the GK theory of heat transport could not be combined with modern sim-
ulation methods based on electronic-structure theory because energy densities and currents are inherently 
ill-de$ned at the quantum-mechanical level12. %is misconception has been recently challenged by a couple of 
papers showing that, while energy densities and currents are actually ill-de$ned classically no less than they are 
quantum-mechanically, the heat conductivity resulting from the GK formula is indeed well de$ned by virtue of a 
kind of gauge invariance stemming from energy extensivity and conservation13,14. %is $nding spurred a renewed 
interest in the quantum simulation of thermal conduction11,15, and made it urgent to devise a data-analysis tech-
nique to make these simulations a#ordable, thus paving the way to the ab initio simulation of heat transport.

In this paper we propose a data-analysis protocol leading to an asymptotically unbiased and consistent esti-
mate of transport coe!cients (i.e. the bias and the statistical error can be made both arbitrarily small in the limit 
of long simulation times) and requiring shorter simulations than used so far. %is protocol avoids any ad hoc 
$tting procedure and naturally provides an accurate estimate of the statistical error, thus lending itself to an 
easy implementation and automated use. While motivated by heat-transport applications, our approach naturally 
applies to any other transport properties that can be expressed, in a GK framework, in terms of time integrals of 
suitable autocorrelation functions, such as, e.g., ionic conductivities, viscosities, and tracer di#usivity, to name 
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The transport properties of macroscopic systems are
determined by the dynamics of conserved currents, i.e., of
the long-wavelength components of the currents associated
with the densities of conserved extensive variables [1,2].
Let Ji be the macroscopic average of the ith conserved
current, which from now on we dub a (conserved) flux. In
the case of heat transport in an M-component fluid, the
relevant conserved quantities are the total energy and the
total number (or mass) of molecules of each independent
component. As the total-mass flux is the total momentum,
which is also a constant of motion, the number of relevant
conserved fluxes is reduced from M þ 1 to M: energy,
which we label as the zeroth, and M − 1 convective fluxes,
which can be identified with any independent linear
combinations of the molecular mass or number fluxes.
In the linear regime, the relevant fluxes are linear combi-
nations of the corresponding conjugate affinities Fi,
defined as the gradients of the intensive variables conjugate
to the conserved ones. These are the inverse temperature
for the energy and the chemical potential divided by the
temperature for the molecular numbers. The resulting
Onsager relations [3] read

Ji ¼
XM−1

j¼0

ΛijFj; ð1Þ

where, in order to simplify the notation, the vector character
of fluxes and affinities has been overlooked or their
Cartesian indices are incorporated in the suffixes. The
Green-Kubo (GK) theory of linear response [2,4,5] states
that the Λmatrix in Eq. (1) can be expressed in terms of the
time correlation functions of the various flux processes J i,
which are phase-space functions, as

Λij ¼ V
kB

Z
∞

0
hJ iðtÞJ jð0Þidt; ð2Þ

where kB is the Boltzmann constant, V is the system’s
volume, h·i indicates a canonical average, and the system is
in thermodynamic equilibrium [2]. Here and in the follow-
ing, processes and their samples will be denoted by
calligraphic letters, as in “X ,”while their average properties
by roman ones, as in “X.” For instance, Ji ¼ hJ ii, which
vanishes in the absence of perturbations. The heat con-
ductivity is defined as the ratio between the heat flux JQ

and the temperature gradient that generates it: JQ ¼ −κ∇T,
in the absence of net particle flow. The heat flux is defined
as J Q ¼ J 0 −

PM
s¼1 h

sJ s, where J 0 and J s are the
energy and particle-number flux samples of all molecular
species, respectively, and hs are the corresponding partial
enthalpies [6]. The energy flux is defined in terms of atomic
positions Rn, velocities Vn, and energies ϵn as [2,7]

J 0 ¼ 1

V

!X

n

Vnϵn þ
X

n;m

ðRn −RmÞFnm · Vn

"
; ð3Þ

where Fnm ¼ −∂ϵm=∂Rn and n runs over all the atoms.
In solids and one-component fluids, energy is the only

conserved quantity relevant to heat transport, because the
convective fluxes either vanish or do not contribute to
energy transport [2]. In these cases, the thermal conduc-
tivity is basically given by κ ¼ Λ00=T2. As the energy flux
[Eq. (3)] is obtained via the continuity equation from the
energy density, which is ill defined at the atomic scale, it
has long been feared that no quantum-mechanical expres-
sion for the heat conductivity could be obtained from first
principles. This apparent conundrum was solved only
recently by the introduction of a gauge invariance principle
for transport coefficients, according to which different
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Microscopic theory and quantum simulation of
atomic heat transport
Aris Marcolongo1, Paolo Umari2 and Stefano Baroni1*

Quantum simulation methods based on electronic-structure theory are deemed unfit to cope with atomic heat transport within
theGreen–Kubo formalism, because quantum-mechanical energy densities and currents are inherently ill-defined at the atomic
scale. We show that, although this di�culty would also a�ect classical simulations, thermal conductivity is indeed insensitive
to such ill-definedness by virtue of a kind of gauge invariance resulting from energy extensivity and conservation. On the basis
of these findings, we derive an expression for the adiabatic energy flux from density-functional theory, which allows heat
transport to be simulated using ab initio equilibrium molecular dynamics. Our methodology is demonstrated by comparing
its predictions to those of classical equilibrium and ab initio non-equilibrium (Müller–Plathe) simulations for a liquid-argon
model, and by applying it to heavy water at ambient conditions.

Understanding heat transport is key in many fields of
science and technology, such as materials and planetary
sciences, energy saving, heat dissipation and shielding, or

thermoelectric conversion, to name but a few. Heat transport in
insulators is determined by the dynamics of atoms, the electrons
following adiabatically in their ground state. Simulating atomic heat
transport usually relies on Boltzmann’s kinetic approach1, or on
molecular dynamics (MD), both in its equilibrium (Green–Kubo,
GK; refs 2–5) and non-equilibrium4–6 flavours. The Boltzmann
equation applies only to crystalline solids well below melting,
whereas classical MD (CMD) bears on those materials and
conditions that can be modelled by interatomic potentials.
Equilibrium ab initio (AI) MD (refs 7,8) is set to overcome these
limitations, but it is still surprisingly thought to be unfit to cope
with thermal transport ‘because in first-principles calculations it is
impossible to uniquely decompose the total energy into individual
contributions from each atom’ (excerpted from ref. 9). Such a
unique decomposition is not possible in classical mechanics either,
because the potential energy of a system of interacting atoms
can be partitioned into local contributions in an infinite number
of equivalent ways. The quantum-mechanical energy density is
also a�ected by a similar indeterminacy. Notwithstanding, the
expression for the heat conductivity derived from any sensible
energy partitioning or density should obviously be well defined, as
any measurable quantity must.

In this work we first demonstrate that the thermal conductivity
resulting from the GK relation is una�ected by the indeterminacy
of the microscopic energy density; we then introduce a form of
energy density, and a corresponding adiabatic energy flux, from
which heat-transport coe�cients can be computed within the
GK formalism, using density-functional theory10,11 (DFT). Our
approach is validated by comparing the results of equilibriumAIMD
to those of non-equilibrium (Müller–Plathe, MP; ref. 6) AIMD and
equilibrium CMD simulations for a liquid-argon model, for which
accurate interatomic potentials are derived by matching the forces
generated by them with quantum-mechanical forces computed
along the AIMD trajectories. The case of molecular fluids is finally
addressed, and illustrated in the case of water at ambient conditions.

Theory
According to the GK theory2,3, the atomic thermal conductivity of
an isotropic system is given by:

 =
1

3VkBT 2

Z
1

0
hJq(t) · Jq(0)idt (1)

where brackets h·i indicate canonical averages, kB is the Boltzmann
constant, V and T are the system volume and temperature, Jq(t)=R

(je(r, t)+(p+ hei)v(r, t))dr is themacroscopic heat flux, with je, v,
p, and hei being the energy-current density, local velocity field, and
equilibrium values of pressure and energy density, respectively12,13.
For further reference, we define as di�usive a flux that results in
a non-vanishing GK conductivity, according to equation (1). The
integral of the velocity field is non-di�usive in solids and can be
assumed to vanish in one-component fluids, because of momentum
conservation. In these cases, as well as inmolecular fluids, as we will
see, we can therefore assume that heat and energy fluxes coincide.

Energy is extensive: it can thus be expressed as the integral of
a density, which is defined up to the divergence of a bounded
vector field: two densities that di�er by such a divergence, e(r) and
e0(r)=e(r)+@ ·p(r), are indeed equivalent, in that their integrals
over any finite domain di�er by a boundary term, which is irrelevant
in the thermodynamic limit, and can thus be thought of as di�erent
gauges of the same scalar field. Energy is also conserved: therefore,
for any given gauge of its density, e, a corresponding current density,
je, can be defined so as to satisfy the continuity equation:

ė(r, t)+@ · je(r, t)=0 (2)

According to equation (2) the macroscopic fluxes in two di�erent
energy gauges di�er by a total time derivative, which is non-
di�usive: J0e(t)= Je(t)+ Ṗ(t), where P(t)=

R
p(r, t)dr. The equality

of the corresponding heat conductivities results from the following
Lemma. Let J1 and J2 be two macroscopic fluxes defined
for the same system, and J12 = J1 + J2 be their sum. The
corresponding GK conductivities, 1, 2 and 12 satisfy the relation:
|12 �1 �2|2p12.
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Accurate thermal conductivities 
from optimally short molecular 
dynamics simulations
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viscosity, is known to require impractically long simulations, thus calling for a paradigm shift that would 
allow to deploy state-of-the-art quantum simulation methods. We introduce a new method to compute 
���������ƥ����������������������������������������������������������ǡ��������������
����Ǧ�����
theory of linear response and the cepstral analysis of time series. Information from the full sample power 
spectrum of the relevant current for a single and relatively short trajectory is leveraged to evaluate and 
����������������������������ơ���������������Ǧ���������������ǡ������������������������������������������
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�����������������������������������������������������������Ǧ����������Ǥ��������������Ǧ������������������
is proposed and validated with the calculation of thermal conductivities in the paradigmatic cases of 
������������������������ƪ�����ȋ����������������Ȍ��������������������������������������ȋ���������Ǧ���). 
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Our microscopic understanding of heat and mass transport in extended systems is rooted in the Green-Kubo 
(GK) theory of linear response1,2, as applied to the Navier-Stokes equations for the densities of the conserved 
extensive variables3,4, which include energy, momentum, and the particle numbers for each molecular species. 
Transport coe!cients are determined by the equilibrium "uctuations of the relevant currents and are in fact pro-
portional to their autocorrelation times. Notwithstanding its beauty, rigor, and broad scope, the practical imple-
mentation of the GK theory is known to require very long molecular dynamics (MD) simulations, much longer 
in fact than the current autocorrelation times one is required to evaluate5–9. Even though a number of expedients 
have been devised to cope with this problem7,9,10, none of them is fully satisfactory in that in some cases they fail 
to provide rigorous criteria to estimate the accuracy resulting from a given MD trajectory, and in all cases the 
length of the required simulations is una#ordable with accurate but expensive quantum simulation techniques11.

It has long been believed that the GK theory of heat transport could not be combined with modern sim-
ulation methods based on electronic-structure theory because energy densities and currents are inherently 
ill-de$ned at the quantum-mechanical level12. %is misconception has been recently challenged by a couple of 
papers showing that, while energy densities and currents are actually ill-de$ned classically no less than they are 
quantum-mechanically, the heat conductivity resulting from the GK formula is indeed well de$ned by virtue of a 
kind of gauge invariance stemming from energy extensivity and conservation13,14. %is $nding spurred a renewed 
interest in the quantum simulation of thermal conduction11,15, and made it urgent to devise a data-analysis tech-
nique to make these simulations a#ordable, thus paving the way to the ab initio simulation of heat transport.

In this paper we propose a data-analysis protocol leading to an asymptotically unbiased and consistent esti-
mate of transport coe!cients (i.e. the bias and the statistical error can be made both arbitrarily small in the limit 
of long simulation times) and requiring shorter simulations than used so far. %is protocol avoids any ad hoc 
$tting procedure and naturally provides an accurate estimate of the statistical error, thus lending itself to an 
easy implementation and automated use. While motivated by heat-transport applications, our approach naturally 
applies to any other transport properties that can be expressed, in a GK framework, in terms of time integrals of 
suitable autocorrelation functions, such as, e.g., ionic conductivities, viscosities, and tracer di#usivity, to name 
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